A new method for enhanced surrogate modeling of complex systems by exploiting gradient information is presented. The technique combines the proper orthogonal decomposition (POD) and interpolation methods capable of fitting both sampled input values and sampled derivative information like Kriging (aka spatial Gaussian processes). In contrast to existing POD-based interpolation approaches, the gradient-enhanced method takes both snapshots and partial derivatives of snapshots of the associated full-order model (FOM) as an input. It is proved that the resulting predictor reproduces these inputs exactly up to the standard POD truncation error. Hence, the enhanced predictor can be considered as (approximately) first-order accurate at the snapshot locations. The technique applies to all fields of application, where derivative information can be obtained efficiently, for example via solving associated primal or adjoint equations. This includes, but is not limited to Computational Fluid Dynamics (CFD). The method is demonstrated for an academic test case exhibiting the main features of reduced-order modeling of partial differential equations.
Introduction
Even with today's impressive high-performance computing (HPC) resources at hand, there remain many problems in science and engineering, especially in the context of industrial applications, where the use of high-order numerical methods is still out of reach. In Computational Fluid Dynamics (CFD), for example, high-order codes produce accurate solutions to the Navier-Stokes equations at very specific flow conditions but are often too costly to apply for optimization, uncertainty prediction or aero-data prediction over the entire flight envelope for full aircraft configurations. As a consequence, accurate but efficient reduced-order models (ROMs) are sought after. Looking at things from a different perspective, one could argue that the need rameters, see [17, 18] . The current work serves as a basic introduction to and analysis of the GEPOD method, while applications to real-life engineering problems (in the context of CFD) are the topic of upcoming work. The paper is organized as follows. In the following section, a brief review of POD in finite-dimensional non-euclidean vector spaces is given. All practical applications known to the author subordinate to this setting. In section 3, the new gradient-enhanced POD-based ROM approach is introduced and discussed theoretically. In section 4, the method is demonstrated on an academic test case featuring snapshots of similar shape as the solutions to the convection-diffusion problem in fluid dynamics [13] . Section 5 concludes the paper. Nomenclature 
Theoretical Background
In this section, we review POD for non-euclidean scalar products, as they arise for example from the discretization of dynamical systems. While this is well-known to the experts, see e.g [10, §2.1] or [14] , sketches of proofs are included here to demonstrate the simplicity of the POD and to make this paper self-contained. It is to mention that there is a close connection of POD to singular value decomposition (SVD), for the details the reader is referred to [10, §2] or [7, §2.5 ].
POD with respect to non-euclidean scalar products
Let S ∈ R n×n be regular. Then S T S is symmetric positive definite and therefore induces a scalar product ·, · S : R n × R n → R, V, W S := V T S T SW 3 with associated norm · S = ·, · S . For a set of orthonormal vectors U 1 , ..., U m ∈ R n , U k S = 1, U j , U k S = δ jk , the orthogonal projection with respect to ·, · S onto the m-dimensional subspace spanned by U 1 , ..., U m is given by
Proof. A straight-forward computation shows that Π(Π(X)) = Π(X) for X ∈ R n and Π(X) = 0 if X⊥ S span{U 1 , ..., U m }.
For a single normalized vector U , we denote the corresponding orthogonal projection on the one-dimensional subspace spanned by U as Π U = U U T S T S. Note that Pythagoras' Theorem holds for ·, · S :
n×m , the following matrix equation holds:
Let {W 1 , ..., W m } ⊂ R n be a set of vectors, considered as given input data. Form ≤ m, proper orthogonal decomposition is concerned with finding thẽ m-dimensional subspace closest to the input data with respect to the metric induced by S and determining an orthonormal ordered basis U 1 , ..., Um for this subspace. Mathematically speaking, the objective is to determine them-dimensional subspace minimizing the distance between the input data and their projection onto the subspace in question. As a starting point, we solve the problem form = 1. In this regard, we note the following lemma.
Lemma 1.
The following optimization problems are equivalent.
Proof. (4) ⇔ (5) follows from (2). For (5) ⇔ (6) apply (3).
For solving (6), we use a Lagrangian framework. Let
Computing the stationary values of the gradient of L leads to the following equation
This is equivalent to the following euclidean eigenvalue problem
IfŨ is a solution to (8) , then U := S −1Ũ is a solution to (7). The corresponding value of the objective function in (6) is The relative information content of the jth mode is defined as the ratio r j = λj m i=1 λi and the relative information content of the firstm ≤ m POD modes is thus given by RIC(m) = m j=1 r j . If all non-zero eigenvalues are mutually distinct, than each corresponding eigenspace is spanned by a single normalized eigenvector, unique up to the sign. Hence, we speak of the eigenvector or the eigenmode corresponding to an eigenvalue, disregarding the ambiguity of the sign.
In practical applications, the dimensionm of the POD subspace is chosen such that RIC(m) ≥ 1 − ǫ, where ǫ ∈ [0, 1) is a user defined threshold.
POD basis computation in practice
In most practical applications, it holds n ≫ m, so that a solution of the n × n eigenvalue problem (8) becomes unfeasible. The remedy is reducing the problem to an m × m eigenvalue problem. This technique has been introduced in [19] and is for historical reasons referred to as method of snapshots. Note that (8) and
is a solution to (4)- (6) . An explicit inversion of the matrix S is not necessary. Using a terminology from the SVD context, the eigenvectors V 1 , ..., V m of (10) will be referred to as right singular vectors. Note that the same POD modes, orthogonal with respect to ., . S , are obtained via an SVD of the weighted matrixỸ := SY =ŨΣV T by setting
Gradient-Enhanced Surrogate Modeling via POD
This section features the original contribution of this paper. We propose a method for exploiting derivative information for POD-based surrogate modeling. The approach can be considered as an enhancement of the POD-based interpolation method [3 
It is understood that the method can only be expected to lead to reasonable results, if the snapshots are differentiable with respect to the parameters of interest.
Algorithms
In order to achieve the objective (12), the following algorithms are proposed. The first algorithm constructs a reduced representation of the enhanced input data. This corresponds to standard POD, but for an augmented data set.
Algorithm 1 (GEPOD: subspace construction). Input: regular matrix : S ∈ R n×n (inducing the underlying scalar product) snapshot vectors :
(i) Enhance the input data. For i = 1, ..., m and for k = 1, ..., d compute
(ii) Set M := m(d + 1).
(iv) Center data:
(v) Perform POD ofȲ w.r.t. the scalr product induced by S according to section 2.2.
The ordering of the columns of Y in Alg. 1(iii) is arbitrary, yet entails a specific indexing of the POD coefficients. Hence, all indexing following below is to be understood with respect to this ordering.
By including the vectors
in the snapshot matrix, it is ensured that the partial derivatives of the snapshots are contained in the GEPOD subspace. In fact, for the centered data, i.e.
where Π denotes the projection onto the GEPOD subspace span{U 1 , ..., U M−1 } as introduced in (1) . As a consequence
(17) 3. The subspace spanned by the augmented snapshot set
is invariant under the choice of the step size vector H = (h 1 , ..., h d ) and is the same as span
. Therefore, a noncompressed POD of the augmented snapshot data will lead to an orthogonal basis spanning this precise space no matter what choice of H is applied, though the actual basis vectors and, more important, the weighting of the derivative information in the snapshot space may differ. A parametric study on the dependency of the GEPOD approximation on the chosen step size H for a specific test case is performed in section 4.3. The influence of H on the information content of the GEPOD eigenmodes is investigated in section 4.4. 4. Theoretical, it is possible to directly implement the snapshot derivatives in the snapshot matrix. Yet note that in most applications, the snapshots and their derivatives account for different physical quantities and will feature entries of different orders of magnitude, so that a combined orthogonal decomposition will be corrupted by the dominating data. This is avoided by shifting the derivatives to the space of solutions as introduced in Alg. 1(i). 5. A comparable approach of augmenting the input snapshot matrix has been proposed in [10, §2.2], but for the purpose of obtaining improved error estimates. In the aforementioned work, however, not exact derivatives but finite difference approximations of derivatives of input snapshots were utilized and a shifting as in Alg. 1(i) for compensating for the disagreement between primary data and derivative data was not considered. 6. The centering of the snapshot input is often motivated by applications to physical or engineering problems, see [10,
. Think for example of processing physical quantities that are required to be strictly positive like, e.g. the density. The POD completely ignores this constraint. Hence, it is more feasible to apply the POD not to the density snapshots but to their fluctuations around the respective mean value, as the fluctuations may well take both positive and negative values.
Having the POD subspace representation at hand, we can use the model to compute reduced-order solutions at arbitrary parameter locations. At each parameter location p * ∈ R d , the POD approximation of the full-order solution
Therefore, a reduced-order approximation to the unknown full-order solution W (p * ) can be obtained by estimating the coefficients a * j := a j (p * ). Coefficient estimation is performed via the following Algorithm 2 (GEPOD: Prediction). Input:
Compute sampled POD coefficients according to (15) :
(ii) Compute derivatives of sampled POD coefficients according to (17) :
(iii) Perform gradient-enhanced interpolation:
2. access the response surface at p * to obtain an estimation for a * j = a j (p * ).
1. Obviously, steps (i), (ii), (iii.1) have to be performed only once, while steps (iii.2), (iv), (v) have to be performed for each new prediction. Hence, the computational effort of a surrogate prediction is given by the computational effort of evaluatingM response surface models, each based on an enhanced m-point data set, and subsequently computing the corresponding linear combination of POD modes.
For the examples presented in section 4, gradient-enhanced Kriging (GEK)
was utilized in order to accomplish step (iii). An outline of this interpolation technique is beyond the scope of this work and the reader is referred to [21] for comprehensive background theory and to [22, 23] , e.g., for applications in engineering. Note that Kriging models are also known as spatial Gaussian predictors or best linear unbiased predictors.
The next theorem shows that the surrogate model as constructed via the algorithms stated above features the desired properties.
where
λ j is the standard POD truncation error.
Proof. Keeping notations as introduced above, observe that rank(Ȳ ) ≤ M −1 for the centered snapshot matrix. Therefore, at most M − 1 eigenmodes correspond to non-zero eigenvalues, such that
Because of (17), it holds
Once computed, the POD modes {U j } j do not depend on the parameter p. Hence
By Taylor's formula, we have for the full-order model
, it holds for t → 0:
It follows
Taking the limit t → 0 on both sides leads to
By (21) It is worth emphasizing that (22) does not depend explicitly on the step size vector H, which has been used to implement the derivative information in the snapshot matrix. The POD modes {U j } j , however, differ for different choices of H, but not the subspace they are spanning.
Primary analysis
In the following simple observation, the theoretical error behavior of the POD-and the GEPOD-interpolation models are compared. Let W P OD r and W
GEP OD r
denote the surrogate models obtained via POD coefficient interpolation and gradient-enhanced POD coefficient interpolation, respectively. Let q ∈ R d be a small displacement vector. 
where E is as introduced in Theorem 3.1, q 1 = d k=1 |q k | and · is an arbitrary vector norm. Note that E cancels out in both cases, if all POD modes corresponding to non-zero eigenvalues are kept. If q < 1 2 holds for the displacement, then 1 2 q > q 2 , so that the error of the POD model is asymptotically larger than the error of the GEPOD model even at half the distance to the closest sample location.
Next light will be shed on the role of the step size vector H = (h 1 , ..., h d ) introduced in Algorithms 1, 2. From Theorem 3.1, it is clear that H does not affect the accuracy of the derivatives of the GEPOD ROM unless (19) degenerates numerically. Let Ψ := (W 1 , ..., W m ) ∈ R n×m be the matrix of primary snapshots only and let Y be as introduced in Algorithm 1. Writing
The mean value vector A of the enhanced data from (14) can be written as
W i denotes the mean of the primary snapshots. Let
Then, forȲ as in (14),
It followsȲȲ
andȲ
If v j denotes the jth normalized eigenvector of Ψ T Ψ corresponding to the eigenvalue λ j , then the jth normalized eigenvector of the matrix summand independent of H in (25) is obviously 
F . Bearing in mind (8) and (15), we deduce Observation 2. For step size vectors H of small norm, the gradient-enhanced POD eigenvalue problem occurring in Algorithm 1(v) is but a perturbed version of the corresponding standard POD eigenvalue problem for the primary snapshot data. Therefore, the first m − 1 POD eigenmodes as well as the associated set of sampled coefficients obtained through the GEPOD approach coincide with the eigenmodes and sampled coefficients of the standard POD approach up to the perturbation. The eigenvalues coincide up to the perturbation and a multiplicative factor of d + 1. The level of perturbation is controlled by the step size vector H required as a user input to Algorithms 1. Figure 3 and Figure 6 , where the sample points (computed via the entries of the right singular vectors) virtually coincide. An experimental parametric study on the influence of the step size on the prediction is carried out in Section 4.3.
The above observation's predication is illustrated by

Computational Costs
Assuming n ≫ m, the computational complexity of the GEPOD method can be estimated as follows. When following the method of snapshots, the complexity of Algorithm 1 is dominated by solving the EVD problem (10) 2 ). In Algorithm 2,M m < m 2 (d + 1) flops are due in step (i) and 3M md < 3m 2 (d 2 + d) flops are due in step (ii). The complexity of step (iii) depends on the chosen response surface method. If the method of choice is GEK, the corresponding predictor function has to be trained depending on model hyperparameters [21] . For each iteration step in training a GEK model, an equation system of dimension m(d+1) must be solved [22] 
, leading to O((m(d+1))
3 ) flops for building the GEK predictor for each POD coefficient a j , j = 1, ...,M , when assuming a constant upper bound on the total number of training iterations. In most practical applications, the dimension n of the snapshots will be defined by the discretization of a continuous problem on a large computational grid (up to several million points for CFD), while the number of solution snapshots, m is in the range of tens to hundreds, so that the effort expressed in m and even in m(d + 1) is insignificant. For a comparison to the computational effort of standard POD-Galerkin ROMs the reader is referred to [12, §6] .
An Academic but Non-Trivial Example
In order to demonstrate the GEPOD approach, we present an application to an analytic model function. Despite its academic nature, it mimics some relevant features of real-life applications of POD based reduced-order modeling to PDE systems. In particular, the model function is chosen such that the solution snapshots exhibit some similarities to solutions of the convection-diffusion problem in fluid dynamics [13] .
Setting
Let
We define the full-order model (FOM) to be
where · L2 denotes the norm induced by the scalar product Figure 1 . The partial derivative of F with respect to ω is given by
where ∂ ω f (x, ω) = π 10 x 3 cos( π 10 ωx). Although given in this example, we emphasize that differentiability with respect to x is not required by the method. The analogy to real-life applications is as follows: The variable x ∈ [0, 10] represents the spatial coordinate, while the variable ω ∈ [0, 10] mimics a design variable or a parameter condition. The trajectory F (·, w) corresponds to the solution of a PDE at conditions ω. In Computational Fluid Dynamics (CFD), for example, a numerical solutions to the Navier-Stokes Equations governing the flow around an aerodynamic body at certain flow conditions is sought after. In this case, x gives the spatial coordinate, while ω = (ω 1 , ..., ω d ) specifies flow conditions such as combinations of Mach number, angle of attack, Reynolds number etc.. Since POD corresponds to optimizing projection lengths, see (5), vectors of large norm will dominate in the POD. In real-life applications, however, the PDEs in question will most certainly represent physical conservation laws, such that snapshot solutions automatically undergo a normalization process. To mimic this effect, the normalization with respect to the spatial coordinate was introduced in (26) . Yet, note that while
The ROM is built relying on m = 6 snapshot solutions of the FOM at (ω 1 , ..., ω m ) = (1, 2, 3, 4, 5, 6), each snapshot being a 1D-function
A snapshot can be compared to a trajectory of a PDE at ω. The snapshots are displayed in Figure 2 . The shape and the number of oscillations of the trajectory Fig. 2.1, Fig 4.1, Fig 4.2] .
function changes significantly when going from one snapshot to the next. Also note that since we sampled at integer values of ω only, the resulting snapshots all attain 0 at the upper boundary of the spatial interval [0, 10], rendering a prediction based on interpolation very difficult in the corresponding region. In this regard, the snapshots are ill-chosen, so that building a ROM upon this input is challenging. Optimal sample data selection is beyond the scope of this work. The POD method can be formulated for infinite dimensional function spaces, see [26] for a comprehensive treatise. However, practical applications of POD in the context of reduced-order modeling almost always start with snapshots of discretized solutions to PDEs. To continue the example, we discretize the spatial dimension [0.01, 10] by a grid featuring n = 1000 equidistant points {x i = iv| i = 1, ..., 1000}, where v = 0.01 is the grid cell volume. Hence, the intervall [0.01, 10] is identified with the vector (x 1 , ..., x n ) ∈ R n and for j = 1, ..., 6, the function F ωj : [0.01, 10] → R is identified with its discrete analogon
From Continuous Problems to Discrete Solutions
In the same way, the discrete vector ∂ ω W k ∈ R n is defined based on (27). We approximate the L 2 scalar product by a Riemannian sum
where S = √ vI n×n ∈ R n×n . Moreover, we set h 1 = 10 −3 and ε = 0. Now, we apply Algorithm 1 to the input data S, W 1 , ..., W m , ∂ ω W 1 , ..., ∂ ω W m , h 1 , ε . As a result, an order-M ROM of the order-n FOM is constructed, where M = 2m − 1 = 11 and n = 1000. Subsequently, we use Algorithm 2 to compute a reduced-order representation of the FOM, denoted by F GEP OD and compare the results to the standard POD-based interpolation model, without derivative information, denoted by F P OD . The standard POD predictor features the maximum of 5 basis modes (plus the vector of averages). Due to the centering, the 6th mode of the POD basis and the 12th mode of the GEPOD basis, respectively, are associated to a singular value of exactly zero, cf. Fig. 3 . For GEPOD the GEK response surface method and for POD the Kriging response surface method was applied. In both cases the cubic spline correlation functions and Hooke & Jeeves direct search model parameter training were used accordingly for data fitting, for details on Kriging and GEK see [22] and references therein. Figure 3 shows the eigenvalues defining the relative information content associated with the centered snapshot sets in question. For creating the surface plots displayed in Figure 4 , the functions were evaluated on a 1000 × 1000 grid in [0.01, 10] × [1, 6] . The enhanced F GEP OD approximation, (Fig.4, right) matches the FOM better than the standard POD model F P OD , (Fig.4, left) , especially in the regions close to the boundary ω = 6, where F P OD misses the trend of the FOM completely. For better judging the accuracy of the results, the ROM has been tried at ω l = 3.565065 and ω r = 5.501401 and the resulting trajectories are again compared to the standard POD-based interpolation model. The approximate functions are displayed in Figure 5 . The approximation errors with respect to the exact full-order solution are given in Table 1 . Depending on the chosen norm, the GEPOD approximation error is about two to five times lower than the POD approximation error. The differences between the gradient-enhanced and the standard predictor show clearly on the curves which were obtained by : Two examples of interpolation curves for ROM coefficients fitted by using Kriging resp. gradient-enhanced Kriging (GEK). At ω = 1 and ω = 4, the tangent lines with slope given by (19) are indicated demonstrating that they agree with the slopes of the GEK curves thereat. Here, a step size of h = 0.001 was chosen in order to enhance the POD subspace by derivative information, see eq. (13) . As explained in Observation 2, the sample locations of both ROM approaches virtually coincide rendering a comparison possible.
fitting the sample data for the 4th and 5th POD coefficient, see Figure 6 .
Parametric Study in the Step Size
In order to shift the snapshot derivative vectors to the space of the snapshots, a step size vector has been introduced in Alg. 1(i), eq. (13), mocking a finite difference approximation. In this section, the influence of this vector is investigated via a parametric study. For the one-parameter problem at hand, the analogue to (13) reads
The experiment of predicting the trajectories at ω = 3.565065 and ω = 5.501401 has been repeated for the following choices of step sizes
The resulting trajectories are displayed in Figure 7 . The corresponding approximation errors are listed in Table 2 .
Observation 4. While the step size h ranges over eight orders of magnitude, the GEPOD approximations are hardly distinguishable and hence only weakly dependent on the step size.
This observation is supported theoretically by the following facts:
1. When refraining from truncating the GEPOD basis, the GEPOD subspace is invariant under the choice of the step size, see Remark 1.3. 2. The derivatives of the GEPOD coefficients to be interpolated do not depend on the step size, see (22) . If the snapshot derivatives are exact, then so are the derivatives of the GEPOD coefficients with respect to the corresponding GEPOD basis. Even when the step sizes tend to zero, the exact derivative information is preserved, up to numerical error, as the reciprocal values tend to infinity, see (19) .
Different step sizes lead to different weightings of the information in the snapshot subspace and therefore to different eigenmodes and right singular vectors, which define the sampled values for the GEPOD coefficients, see Algorithm 2, (i), (ii). In Figure 8 , the interpolated curves obtained via a gradient-enhanced Kriging for the fourth GEPOD coefficients are displayed for various choices of the step size h. As can be seen from this figure, the actual values of the sampled coefficients and the shape of the interpolated curves may vary considerably for different choices of h, yet Figure 7 suggests that the linear expansion with the associated eigenmodes compensates for this effect.
Some remarks on truncating the GEPOD basis
In this section, the GEPOD predictor's accuracy is investigated for different truncation levels of the GEPOD basis. More precisely, the predictor using the maximum of M − 1 = 11 basis modes is compared to the predictors obtained when truncating the basis to numbers of 5 and 6 modes respectively. The threshold of 5 modes is chosen, because it is precisely the maximum number of independent eigenmodes that the corresponding standard POD basis excluding derivative information can feature at the most. Moreover, the comparison is performed in interaction with the step size parameter h from eq. (13) . The graphs of the resulting functions are displayed in Fig. 9 . As can be seen from this figure, for step sizes of h = 0.1 and h = 0.001, the predictors built on 6 modes and the maximum of 11 modes virtually coincide. This is confirmed by the corresponding L 2 -errors shown in Table 3 . When truncating the basis to a number of 5 modes, the corresponding predictor misses the trend of the reference function near the right boundary of the interval. In contrast, for a comparably large step size of h = 10.0 a number of 5 modes is sufficient to capture the trend in this region.
Remember that all snapshots feature a zero at the right boundary. Hence, the prediction accuracy closeby can only be improved by exploiting derivative information. Therefore, we deduce that for a step size of h = 10.0, the first 5 GEPOD modes already capture some of the information contained in the derivatives, while for the smaller step sizes h = 0.1 and h = 0.001, the derivative information is contained in higher-order modes. This observation does not come as a surprise but is actually in line with the theoretical investigations summarized in Observation 2: If the step size is small, the GEPOD eigenvalue problem is but a perturbed version of the corresponding POD eigenvalue problem. As a consequence, the first 5 GEPOD eigenmodes resemble the first 5 standard POD Table 3 : Approximation errors at ω 0 = 3.565065 of the GEPOD predictors using a maximum of 11 modes and a number of 5 and 6 modes respectively in interaction with different step sizes h applied for eq. (13) in Algorithm 1. The corresponding graphs are displayed in Fig. 9 .
eigenmodes and the derivative information is essentially contained in the higherorder GEPOD modes. In this regard, choosing larger step sizes as an input to Algorithm 1 may be beneficial. We emphasize again that, theoretically, there is no need to apply particularly small step sizes.
Summary and Final Remarks
A new POD-based approach for enhanced surrogate modeling by incorporating gradient information, termed GEPOD has been developed. In contrast to the existing POD-based interpolation approach for non-linear reduced-order modeling, the method presented here leads to an approximation accuracy of order one at the sample locations, meaning that both the snapshot inputs and the derivatives of the snapshots of the FOM are reproduced by the GEPOD predictor up to the relative information content of the reduced-order basis. The GEPOD method has been demonstrated on an academic test case trying to mimic the main phenomena of applications of reduced-order modeling to systems of PDEs. The prediction quality was shown to be significantly higher when compared to the standard interpolation-based POD approach. The rather obvious conclusion is that, when derivative information is available, it should be made use of. Based on a parametric study the GEPOD predictor has been demonstrated to be robust with respect to changes in the main input parameters. Given the required input data, the additional effort of performing a GEPOD prediction rather than a standard POD prediction is usually negligible. Considering real-life applications, the costs of computing snapshot derivatives have to be weighted against the costs of computing a finer snapshot set. This trade-off will be investigated in future work. Note that in the recent paper [14] , the advantages of exploiting both snapshot data and partial derivatives at the given snapshot locations have been successfully demonstrated in the context of projection-based ROMs.
